We derive a mean value property for p-harmonic functions in two dimensions, 1 < p < ∞, which holds asymptotically in the viscosity sense. The formula coincides with the classical mean value property for harmonic functions, when p = 2, and is a consequence of a representation for the Game p-Laplacian obtained via p-averaging.
Introduction
A recent article by Manfredi et al. [6] (see also [9] ) characterizes p-harmonic functions via a weak asymptotic formula which holds in a suitably defined viscosity sense. Inspired by their results and by our recent work [4] , where we present a numerical algorithm for the Game p-Laplace operator based on the idea of p-average, we derive a generalization in a viscosity sense to two-dimensional p-harmonic functions, 1 < p < ∞, of the classical mean value property for harmonic functions.
The variational p-Laplace operator is defined, for 1 < p < ∞, as (1) Δ p u ≡ div |∇u| p−2 ∇u , while the Game p-Laplacian, recently introduced in [7] to model a stochastic game called Tug of war with noise, reads as
A function u ∈ C 0 (Ω), with Ω ⊂ R 2 a smooth domain, is called p-harmonic in Ω if it is a viscosity solution of Δ p u = 0 (see Definition 2.1).
The focus of this paper is in providing a representation of p-harmonic functions that for the case p = 2 reproduces the mean value property. Nevertheless, it will be clear that our main interest is the Game p-Laplacian and that our approach sheds light on the local properties of the solution of the Game p-Laplace operator. The representation formula derived was suggested to us by the numerical approximation we propose in an upcoming paper [4] . An insight on the local properties of the Game p-Laplacian suggests that the value of a solution at a given point is related to the p-average on small balls centered at that point. The numerical solution that we construct, in the case of dimension n = 2, using this idea satisfies a discrete analogue of our proposed generalized mean value formula.
We derive the following main results. Our first theorem finds an expansion for C 2 functions in terms of the Game p-Laplacian:
Here B (x 0 ) denotes the ball of radius and center x 0 .
We then use this representation to derive our weak mean value formula for p-harmonic functions.
holds in the viscosity sense if and only if u is p-harmonic; that is, u is a viscosity solution of Δ p u(x 0 ) = 0.
We present detailed proofs for the case of smooth domains Ω ⊂ R 2 , but from our treatment it will be clear how to obtain generalizations to dimensions n > 2.
The paper is organized as follows. In Section 2 we recall some definitions and background results. In Section 3 we derive the representation formula for C 2 functions and discuss why this is the correct local way of describing p-harmonic functions. In Section 4 we prove Theorem 1.2. To conclude, in Section 5 we derive a similar result for the non-homogeneous Game p-Laplacian.
p-Laplacian and Game p-Laplacian
Our representation formula for smooth functions is based on the so-called Game p-Laplacian introduced by Peres and Sheffield [7] , and its proof is based on the characterization of Δ G p as a convex combination of two limiting operators. When p = ∞, traditionally the ∞-Laplacian is given by
while the Game ∞-Laplacian is its 1-homogeneous renormalized version:
For p = 1, we can set p = 1 in (1) and obtain
while for the Game 1-Laplacian we follow [7] and define it in terms of the Laplace operator and the Game ∞-Laplacian:
If u is a smooth function, by expanding the derivatives, one obtains
which allows us to think of Δ G p as the convex combination of the two limiting cases, that is,
with q the conjugate exponent of p. Furthermore, the Game 1-Laplacian and the Game p-Laplacian for ∇u = 0 can then be rewritten as the second derivative in the orthogonal direction of ∇u and in the direction of ∇u, respectively. That is,
In the homogeneous case, solutions to the Game p-Laplacian agree with the ones of the p-Laplacian. Also note that the Game ∞-Laplacian is the limit as p → ∞ of the Game p-Laplacian, a fact which is not true for the p-Laplacian.
The fundamental difference between the classical p-Laplacian and the Game p-Laplacian is that the former can be obtained as the Euler-Lagrange equation of an energy functional. Additionally, while for 1 < p < ∞ both operators are degenerate, for ∇u = 0 the Game p-Laplacian and the 1-Laplacian are singular, so suitable definitions of viscosity solutions need to be given.
We recall that Juutinen and the coauthors in [5] show that for the p-Laplacian when 1 < p < ∞ the notions of viscosity solution and weak solution are equivalent. Therefore, we will work with viscosity solutions for both operators.
We consider the definition of viscosity solution for the p-Laplacian provided in [6] :
Let Ω ⊂ R 2 be a smooth domain, and 1 < p < ∞. Then:
(i) We say that an upper semi-continuous function u is a viscosity subsolution of Δ p u = 0 in Ω if for any φ ∈ C 2 such that u−φ has a strict local maximum at x ∈ Ω, we have
We say that a lower semi-continuous function u is a viscosity supersolution of Δ p u = 0 in Ω if for any φ ∈ C 2 such that u−φ has a strict local minimum at x ∈ Ω, we have
If u is both a subsolution and a supersolution everywhere in Ω, we say that u is a viscosity solution of Δ p u = 0 in Ω.
Various equivalent definitions of viscosity solutions for the Game p-Laplacian operator can be given and are found in the literature. The most suitable for our treatment is the one obtained by following the definition in the classical paper of Barles and Souganidis [1] . Definition 2.2. Consider a smooth domain Ω ⊂ R 2 , and let 1 < p < ∞. If f is a continuous function, we say that an upper semi-continuous function u (respectively, lower semi-continuous) is a viscosity subsolution (respectively, supersolution) of
if for any φ ∈ C 2 such that u−φ has a local maximum (respectively, local minimum) at x ∈ Ω, we have:
). This is a consequence of the fact that
Recall that Δ G 2 φ = 1 2 Δ 2 φ. Uniqueness for viscosity solutions of non-linear operators that are singular at isolated points typically does not depend on the particular value one assigns to these points as long as this is chosen in a consistent manner (see for example Section 9 in [3] ). Additionally, our numerical results in [4] show that the numerical approximation converges to solutions that verify (ii) . Therefore, we will use the following definition for a viscosity solution of the Game p-Laplacian: Definition 2.3. We say that a function u is a viscosity solution of −Δ G p u = f for 1 < p < ∞ if u is a subsolution and supersolution according to (ii) of Definition 2.2 and (ii) in Remark 2.1.
Representation formula
Proof. Take x = (x 1 , x 2 ) ∈ R 2 and denote by e 1 = (1, 0) the unit director of the x 1 -axis. Assume φ ∈ C 2 (Ω), x 0 ∈ Ω and ∇φ(x 0 ) = 0. Without loss of generality, we can assume x 0 = 0 and ∇φ(x 0 ) = |∇φ(x 0 )| e 1 . Equation (6) then gives
which by (9) and (10) implies
To compute the integrals in (11) and (12), we use polar coordinates and derive
as well as
while by symmetry we see that
For the last integral that we need, we find that
We next substitute the above integrals in (11) and (12) to gather
where we used the elementary equality
However, now the theorem is a consequence of the Taylor expansion. In fact, given x ∈ B , since φ ∈ C 2 , we know that
as |x| → 0. Therefore,
since by symmetry one has B |∇φ(0) · x| p−2 ∇φ(0) · x dx = 0, and, using (12) and (13), we find
Dividing by the coefficient of φ(0) in (15) and by using (14) and (16), we obtain
This proves the statement of the theorem.
An analogous expansion for C 2 functions in terms of surface integrals can also be derived. Its precise expression is given in the statement of Proposition 3.2 below.
Proposition 3.2.
Let Ω ⊂ R 2 be a smooth domain. Given φ ∈ C 2 (Ω) and x 0 ∈ Ω for which ∇φ(x 0 ) = 0, we have that for any > 0 such that B (x 0 ) ⊂ Ω it holds that
Proof. Equation (17) is obtained by following the proof of Theorem 3.1 step by step, with straightforward modifications.
At a point x 0 where the gradient of the function is zero, when considering the Game p-Laplacian in Section 5 we will use the following classical formulas (in the spirit of the works [2, 8] ), which are obtained by integrating over B (x 0 ) and ∂B (x 0 ) the Taylor expansion.
Weak mean value property
Manfredi et al. in [6] introduce a definition of asymptotic equality in the viscosity sense, which we use to specify in which sense we claim that a p-harmonic function verifies a mean value property.
Definition 4.1.
Let Ω ⊂ R 2 be a smooth domain, and let x 0 ∈ Ω. We say that u ∈ C 0 (Ω) verifies the equality
in the viscosity sense, if the following conditions hold:
(i) For any φ ∈ C 2 for which u − φ has a strict local maximum at x 0 ∈ Ω, there exists an 0 > 0 such that for every < 0 ,
whenever ∇φ(x) = 0. (ii) For any φ ∈ C 2 for which u − φ has a strict local minimum at x 0 ∈ Ω, there exists an 0 > 0 such that for every < 0 ,
whenever ∇φ(x) = 0.
We are now ready to prove our representation formula. 
holds in the viscosity sense if and only if u is p-harmonic, that is, if u is a viscosity solution of
Proof. Assume (20) holds; we need to show that u is p-harmonic in Ω. We will show that u is a subsolution of (21) according to Definition 2.1; the proof that u is a supersolution is similar.
Let φ be such that u − φ has a strict local maximum at x 0 ∈ Ω, and assume that ∇φ(x 0 ) = 0. Then by equation (18) in Definition 4.1 (18) there exists an 0 > 0 such that for every < 0 ,
On the other hand, since φ ∈ C 2 by Theorem 3.1, as long as
Thus for < 0 it holds that
an inequality which we divide by 2 and let go to zero to obtain − Δ G p φ(x 0 ) ≤ 0. Finally, since φ is a C 2 function, we can use (4) and (3) to conclude that
which gives that u is a subsolution of Δ p u(x 0 ) = 0. Assume next that u is a viscosity supersolution. We are going to show that (19) holds.
Let φ ∈ C 2 be such that u − φ has a strict local minimum at x 0 ∈ Ω and ∇φ(x 0 ) = 0. By (8) 
which is exactly (19).
In a similar way, if u is a subsolution, one can show that (18) holds, which proves that if u is p-harmonic, then it verifies (20) in the viscosity sense. This concludes the proof of our theorem.
With the due modifications in Definition 4.1, one can also derive a representation for p-harmonic functions which uses only the values on the surface of the ball. 
holds in the viscosity sense if and only if u is p-harmonic, that is, if u is a viscosity solution of Δ p u(x 0 ) = 0.
Proof. The result follows as in the proof of Theorem 4.1, thanks to Proposition 3.2.
Representation for the Game p-Laplacian
The definition of asymptotic equality in the viscosity sense for the case of the Game p-Laplacian needs to be adapted to a different definition of viscosity solution since one needs to account for the fact the the operator is singular.
(ii) For any φ ∈ C 2 (Ω) for which u − φ has a local minimum at x 0 ∈ Ω, there exists an 0 > 0 such that for every < 0 ,
whenever ∇φ(x) = 0; and
f (x 0 ) + o( 2 ), whenever ∇φ(x) = 0.
We leave to the reader the proof of the last theorem, since it is a simple modification of the proof of Theorem 5.1 above.
Theorem 5.2. Let f and u be continuous functions in Ω ⊂ R 2 , and let x 0 ∈ Ω. We have that
holds in the viscosity sense in Ω if and only if u is a viscosity solution of
